Abstract: The objective of this paper is to present systematic methods for throwing motion control of underactuated robots. The Pendubot, an underactuated two-link planar robot, is investigated as a dynamic model of the superior limbs for imitation of human throwing motion whose models are fundamentally underactuated in nature. The controller is designed based on input-output linearization and output zeroing control since the Pendubot is not input-state linearizable. The originality of this paper is to intentionally destabilize the zero dynamics, a nonlinear dynamics which remains unobservable from the output when the partially linearized dynamics converges exponentially to zero, to generate dynamic acceleration of the ball. Exact analysis of ordinary differential equations guarantees the explosive instability of the zero dynamics. Numerical simulations confirm the effectiveness of the proposed control strategy.
INTRODUCTION
Dexterous throwing motion is naturally achieved by humans without any difficulty despite the complexity of muscle and joint activities. For the limited physical abilities, humans utilize not so much extensional torque at the cubital joints but rotational torque at the shoulder joints which induces extension of the cubital joints. In the field of sport biomechanics, Feltner et al. (1986) analyzed the dynamics of the shoulder and cubital joints during baseball pitches and showed that rapid extension of the cubital joints was generated by motion-dependent torque of the upper arms and not by extension torque at the cubital joints. Hong (2002) suggested that energy efficient pitches be generated by whip-like motion of the superior limbs.
Once throwing motion is investigated as a mechanical control problem, however, it turns out to be a fascinating challenge with aspects of nonlinear dynamics and structural underactuation. The control problem of underactuated mechanical systems has attracted a number of researchers in the field of control theory and robotics since it consists of both pure and applied research interests. Mettin et al. (2010) proposed a new approach for solving an optimal control problem of ball pitching with an underactuated model of a human arm. The previous work of this paper done by Shoji et al. (2010) , Katsumata et al. (2009) , and Ichinose et al. (2008) claimed that the unstable zero dynamics generated dynamic acceleration of the ball when the input is devoted to constrain the end-effector on a geometric path via input-output linearization and output zeroing control. The major omission of the previous work, however, was the lack of exact analysis of the zero dynamics. The ordinary differential equation of the zero dynamics was too complicated to calculate the general solution and to give the exact analysis since the output function consisted of nonlinear functions with respect to the configuration variables. The instability of the zero dynamics, therefore, was not guaranteed despite the insistent statement of utilization of unstable zero dynamics.
The purpose of this paper is to propose a control strategy for throwing motion control of the Pendubot based on the concept of explosively unstable zero dynamics and to give exact analysis of the zero dynamics to overcome the major omission of the previous work. The controller design is based on input-output linearization and output zeroing control since the control objective is motion generation of underactuated mechanical systems which can never be achieved by approximate linearization nor trajectory tracking control. The output function in this paper is designed to consist of linear functions with respect to the configuration variables while the output function in the previous work consisted of nonlinear functions with respect to the configuration variables. The explosive instability of the zero dynamics is induced by the changes in the form of output functions when the partially linearized dynamics converges exponentially to zero via output zeroing control. This paper is organized as follows: In Section 2, a dynamic model of throwing motion is constructed with the Pendubot. In Section 3, a controller is designed based on inputoutput linearization and output zeroing control. In Section 4, the explosive instability of the zero dynamics is analyzed via general solutions of ordinary differential equations. In Section 5, numerical simulations confirm the validity of the proposed control strategy. Section 6 concludes the paper.
DYNAMIC MODEL AND STATE EQUATION
This section introduces a dynamic model for throwing motion control of the Pendubot as shown in Fig. 1 . The Pendubot is an underactuated two-link planar robot with an actuator at the first joint but no actuator at the second joint. The first and second links represent the upper arm and the forearm of a human body, respectively. The ball held by the end-effector is released when it enters the first quadrant for the first time during a positive rotation.
The dynamics of the Pendubot can be described by the system of two nonlinear differential equations, originating from Lagrangian mechanics
with the vector of generalized coordinates
the inertia matrix
the matrix corresponding to Coriolis and centrifugal forces
the gravity vector
and the input matrix mapping the applied torque to generalized forces
where θ 1 is the absolute angle of the first link; θ 2 is the relative angle between the two links; u is the controlled torque, applied to the first link. The physical parameters given in Table 1 are combined to
(11) The dynamic model of the Pendubot is written in state space form by defininġ
with the state vector
3. CONTROLLER DESIGN This section proposes a controller to achieve throwing motion control of the Pendubot. A well-known method called input-output linearization is applied to the system since the Pendubot is not input-state linearizable. The originality of this paper is to intentionally destabilize the zero dynamics, a nonlinear dynamics which remains unobservable from the output when the partially linearized dynamics converges exponentially to zero, to generate dynamic acceleration of the ball via the explosive instability.
Input-Output Linearization
For the underactuation of the dynamic model which is not input-state linearizable, input-output linearization and output zeroing control are considered with an output
where θ 2d denotes the desired angle of the second joint. Note that y = 0 means θ 2 = θ 2d . Since the output depends only on the configuration variables, then, due to the second order nature of the robot model, the first time derivative of the output along solutions of the state equation (13) does not depend directly on the inpuṫ
where L * denotes a Lie derivative. Hence, the relative degree of the output is at least two. The second time derivative of the output along solutions of the state equation (13) is derived as
which implies that the relative degree of the output is two. 
This dynamical equation is called the external dynamics, which yields a linear relationship between the input and the output. Since the relative degree of the output is two and is lower than the order of the system, then only the external dynamics of order two is linearized. A nonlinear dynamics, thus, remains unobservable from the output and is given by (20) which is called the internal dynamics, where
γ(y, θ 1 ) = p 5 g cos(y + θ 1 + θ 2d ).
(23) Note that gravity terms are all rearranged in γ(y, θ 1 ).
Output Zeroing Control
The state variable feedback
For K D , K P > 0, the solution of the linear observable dynamics (25) converges exponentially to zero. For y ≡ 0, that is θ 2 ≡ θ 2d , the system is represented by a reduced order dynamics, called the zero dynamics, and is given by
provided that the initial condition is chosen to satisfy the constraint. Note that the zero dynamics (27) can also be derived by substituting y = 0, that is θ 2 = θ 2d , into the nonholonomic constraint of the dynamic model (1) as
where α(0) and β(0) are constants and γ(0, θ 1 ) is a function with respect to θ 1 , the angle of the first joint.
INSTABILITY ANALYSIS OF ZERO DYNAMICS
This section analyzes the explosive instability of the zero dynamics derived in the previous section. In general, if the zero dynamics is not asymptotically stable, then inputoutput linearization and output zeroing control do not produce a control law of any practical use as mentioned by Marquez (2003) . This paper, however, aims to overcome a wall of this statement via the designed controller based on the concept of explosively unstable zero dynamics. This section is divided into two subsections. The former subsection deals with the Pendubot in a nongravity field to simply introduce the definition of the explosive instability. The latter subsection, on the other hand, deals with the Pendubot in a gravity field to analyze the explosively unstable zero dynamics for the controller design.
Nongravity Field Case
Suppose the system is considered in a nongravity field, that is g = 0. Since the gravity terms are all rearranged in γ(y, θ 1 ), the zero dynamics is rewritten as
This dynamical equation has the first and second time integrals which denote the solutions of the zero dynamics,
and
where the initial condition is given by θ 1 (0) = θ 10 ,θ 1 (0) =θ 10 at t = 0.
(32) The solutions imply that time in (30) and (31) can not exceed a certain value
which is referred to as finite escape time and is described by Vidyasagar (1993) with the following Corollary 1. Corollary 1. Consider the differential equatioṅ
where x(t) ∈ R n and f : R + × R n → R n , and suppose that f (t, x) is continuously differentiable everywhere. Then there exists a unique number δ max = δ max (x 0 ), which could equal infinity, such that (34) has a unique solution over [0, δ max ) and over no larger interval. If δ max is finite, then x(t) → ∞ as t → δ max . For example, consider the scalar differential equatioṅ
Then δ max = π/2, and the maximal solution is x(t) = tan(t).
(36) Predictably, x(t) → ∞ as t → π/2. A solution x(t) with the property that x(t) → ∞ as t approaches some finite time is said to exhibit finite escape time. A system which exhibits finite escape time is called explosively unstable.
The zero dynamics in a nongravity field given by (29), therefore, is explosively unstable and exhibits finite escape time. Note that the explosive instability is a unique nature of nonlinear systems while linear systems require infinite time to drive the dynamics to infinity. For the exact analysis, the general solution of the zero dynamics is calculated in the following. With the variable transformation
and the chain rulë
the zero dynamics in a nongravity field is transformed into a homogeneous linear differential equation given by
The general solution of this dynamical equation is then calculated asθ 
where the initial condition is given by (32). The phase curve of this general solution is shown in Fig. 2 when the desired angle of the second joint is chosen as θ 2d = −π/2. Note that the divergent rate of the zero dynamics depends on the choice of θ 2d . Fig. 2 shows that the zero dynamics is increscent ifθ 10 > 0 while the zero dynamics is decrescent field with g = 0 and θ 2d = −π/2 with the external dynamics constrained to remain identically zero ifθ 10 < 0. This guarantees that the zero dynamics exhibits the explosive instability if the initial condition, denoted by (θ 10 ,θ 10 ), lies in the upper half-plane, provided that the external dynamics is constrained to remain identically zero by output zeroing control.
Gravity Field Case
Suppose that the system is considered in a gravity field, that is g = 9.81. With the identical variable transformation (37) and chain rule (38) applied to the zero dynamics in a nongravity field (29), the zero dynamics in a gravity field (27), namely α(0)θ 1 + β(0)θ 2 1 + γ(0, θ 1 ) = 0, is transformed into a nonhomogeneous linear differential equation,
Since the only difference between (39) and (41) is the gravity term γ(0, θ 1 ) in the right-hand side of the equations, the general solution of this dynamical equation is given bẏ
where
The phase curve of this general solution is shown in Fig. 3 when the desired angle of the second joint is chosen as θ 2d = −π/2. The first term in (42) generates increscent motion in a positive rotation while the second term causes periodic motion around a center. Note that the changes in θ 2d affect the positions of centers and saddles while the amplitude of periodic motion is affected by the value of g, The zero dynamics in a gravity field with g = 9.81 and θ 2d = −π/2 with the external dynamics constrained to remain identically zero the acceleration due to gravity. This guarantees that the zero dynamics exhibits the explosive instability to generate dynamic acceleration of the ball if the initial condition lies outside of the maximum amplitude of periodic motion, emphasized by red lines in Fig. 3 .
NUMERICAL SIMULATIONS
This section performs numerical simulations to verify the effectiveness of the proposed control strategy. For the numerical validation, this section is divided into three subsections with different initial conditions. The first subsection shows the performance of the designed controller with the initial condition chosen to satisfy the constraint y = 0, that is θ 2 = θ 2d . The second and third subsections show the desired and undesired effects of the internal dynamics with the initial conditions not to satisfy the constraint, namely y = 0, that is θ 2 = θ 2d . Although the initial conditions change over the subsections, the feedback gains which converge the external dynamics exponentially to zero are fixed as K P = 200 and K D = 30 throughout this section. The desired angle of the second joint is also designed as θ 2d = −π/2 in all subsections. The ball held by the endeffector is released when it enters the first quadrant for the first time in a positive rotation as mentioned in Section 2.
Desired Zero Dynamics
This subsection deals with numerical simulations for the initial condition chosen to satisfy the constraint y = 0, that is θ 2 = θ 2d , to verify the validity of the designed controller based on the exact analysis of explosively unstable zero dynamics. The initial condition, thus, is chosen as
which places the ball directly below the first joint when the angle of the second joint is initialized as θ 20 = −π/2. The snapshots of dynamic acceleration of the ball driven by the explosively unstable zero dynamics are shown in Fig. 4 . For the instability analysis in the previous section, the zero dynamics exhibits the explosive instability if the initial condition of the zero dynamics, namely (θ 10 ,θ 10 ), lies outside of the maximum amplitude of periodic motion, emphasized by red lines in Fig. 3 . The phase plane of the external and internal dynamics is shown in Fig. 5(a) . The red line denotes the divergence of the internal dynamics in a positive rotation while the blue line denotes the convergence of the external dynamics driven by output zeroing control. Fig. 5(b) shows the time behavior of the external dynamics which is constrained to remain identically zero. 
Desired Internal Dynamics
This subsection deals with numerical simulations for the initial condition chosen not to satisfy the constraint, namely y = 0, that is θ 2 = θ 2d , to show the desired effects of the internal dynamics. The initial condition, thus, is chosen as
which places the ball directly below the first joint when the angle of the second joint is relaxed as θ 20 = 0. Fig. 6 shows the snapshots of dynamic acceleration of the ball driven by the explosively unstable zero dynamics. For the initial condition (45), the internal dynamics exhibits the explosive instability while the external dynamics converges exponentially to zero. The phase plane of the external and internal dynamics is shown in Fig. 8(a) . The red line denotes the divergence of the internal dynamics in a positive rotation while the blue line denotes the convergence of the external dynamics via output zeroing control. Fig. 8(b) , Fig. 8(c) , and Fig. 8(d) show the time behaviors of the external dynamics, the joint angles, and the angular velocities, respectively. These figures imply that dynamic acceleration of the ball is successfully achieved by the designed controller with the initial condition (45) since the internal dynamics converges to the outside of the maximum amplitude of periodic motion on the zero dynamics submanifold, emphasized by red lines in Fig. 3 .
Undesired Internal Dynamics
This subsection deals with numerical simulations for the initial condition chosen not to satisfy the constraint, 
which casually places the ball at a certain point when the angle of the first joint is initialized as θ 10 = 0. Fig. 7 shows the snapshots of periodic motion of the Pendubot caused by the orbitally stable zero dynamics. For the initial condition (46), the internal dynamics causes periodic motion around a center while the external dynamics converges exponentially to zero. The phase plane of the external and internal dynamics is shown in Fig. 9(a) . The red line denotes the convergence of the internal dynamics to an orbit while the blue line denotes the convergence of the external dynamics to zero via output zeroing control. Fig. 9(b) , Fig. 9(c) , and Fig. 9(d) show the time behaviors of the external dynamics, the joint angles, and the angular velocities, respectively. These figures imply that dynamic acceleration of the ball is not successfully achieved by the designed controller with the initial condition (46) since the internal dynamics converges to the inside of the maximum amplitude of periodic motion on the zero dynamics submanifold, emphasized by red lines in Fig. 3. 
CONCLUSION
This paper dealt with throwing motion control of the Pendubot. The controller was designed based on input-output linearization and output zeroing control. The zero dynamics was intentionally destabilized to achieve dynamic acceleration of the ball and was analytically derived to The future extensions of this research are given in the following. The behavior of the zero dynamics varies according to the initial conditions, the feedback gains, and the external and internal dynamics as mentioned in the second and third subsections of Section 5. The internal dynamics given by α(y)θ 1 + β(y)θ 2 1 + γ(y, θ 1 ) = p 3 (K P y + K Dẏ ), (47) must be analyzed, not only the zero dynamics of the form α(0)θ 1 +β(0)θ 2 1 +γ(0, θ 1 ) = 0, with the initial condition not to satisfy the constraint. The convergence of the internal dynamics to either the inside or the outside of maximum amplitude of periodic motion on the zero dynamics submanifold, emphasized by red lines in Fig. 3 , depends on the initial condition of the system and the feedback gains of the controller. This requires exact analysis of the full dimensional dynamics and is not achieved in this paper. The systematic method to analyze the internal dynamics is not established yet and is still an open question. The experimental verification is also required to verify the validity of the designed controller under input saturation. 
